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INTRODUCTION 
Let X and Y be normed linear spaces and let f, : X+ Y, p E P, be a 
family of maps continuously parametrized by a path-connected metric 
space P. A point p.+ E P is called a bifurcation point from infinity of the 
equation fp(x) = 0 if for any neighborhood V of p* the set of solutions of 
the equation fp(x) = 0, p E V, is unbounded. The set B,(f) of all bifurcation 
points from infinity is closed. Furthermore, it is easy to see that B,(f) is 
empty if and only if there is a continuous function M: P + R such that 
llxll <M(p) whenever f,(x) = 0. 
The position and size of B,(f) provide a qualitative description of the 
solutions of the equation fp(x) = 0. Moreover, in the case of families 
dependent on several parameters the position and size of B,(f) provide a 
measure of the extent to which the well-known Leray-Schauder continua- 
tion method, based upon the homotopy invariance of the degree, can be 
applied to a given parametrized family. To be more precise, suppose that 
each f, belongs to a class of maps for which a degree theory can be defined. 
Also, suppose that there exists pot P with f,-,‘(O) bounded and such that 
for some (and hence, any) neighborhood Q of f,-,‘(O), deg(f,,, 0,O) # 0. 
(Frequently, in applications, fpo is a linear isomorphism.) Then the 
Leray-Schauder continuation principle asserts that in order to show that 
for a given p E P the equation f,(x) = 0 has a solution, it is sufficient to find 
a curve y: [0, l] + P joining p. and p for which one has a priori bounds 
for the solutions of fycl,(x) = 0, 0 < t < 1. 
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However, it is not difficult to prove the following assertion: Let P be 
connected and locally path-connected. If y: [0, l] -+ P is a given curve, 
then y( [0, 11) n B,(f) is empty if and only if there exist a priori bounds 
for the solutions of f&(x) = 0, for any curve y’ which is close enough to 
y in the uniform topology. Thus the applicability of the Leray-Schauder 
method is strongly related to the size and position of B,(f) in P, since the 
existence of a priori bounds for solutions over curves intersecting B,(f) is 
an unstable phenomenon. 
Our principal result in this paper is that if f is a family of quasilinear 
Fredholm maps (see Section l), continuously parametrized by a compact, 
connected n-manifold P, then there is a homotopy invariant w(f) belong 
to the first cohomology group of P with 2, coefficients, having the follow- 
ing property: If w(f) #O and there exists pO~ P\B,(f) such that &i’(O) is 
bounded and deg(f,,, X, 0) # 0, then B,(f) is of dimension at least n - 1 
and, moreover, either B,(f) disconnects P or B,(f) is not contractible, in 
P, to a point. In particular, B,(f) is not contained in any subset of P 
which is homeomorphic to a ball. This is Theorem 3.1. 
In the case of C I families (see Section 2 for the general case) the 
invariant w(f) can be computed as follows: For p E P, let L(p) be the 
Frechet derivative off, at 0. Then L(p), p E P, is a continuous family of 
linear Fredholm operators of index 0 which, according to the Atiyah- 
Janich theory [A], has an associated stable equivalence class of vector 
bundles over P, called the analytical index of the family L(p), p E P. The 
invariant w(f) is the first Stiefel Whitney class in H ‘(P; 2,) of the analyti- 
cal index. 
The relevance of the analytical index bundle to bifurcation theory was 
observed in [FP2], in the case of semilinear families parametrized by S’. 
While we are here considering both more general maps and more general 
parameter spaces, our results ultimately rely on calculations in that paper. 
A general geometric approach to bifurcation theory for semilinear families 
is outlined in [P], in which one finds related results. Specifically, part (i) 
of Theorem 1 of [P] is related to our present results. We observe that 
part (ii) of that theorem cannot be obtained by the methods of this paper. 
So far, we have discussed bifurcation from infinity. Bifurcation from a 
trivial sheet can be analyzed by the same methods and one obtains a 
similar result, Theorem 3.2. 
Bifurcation from the trivial sheet has been widely discussed in the 
literature, and one finds several results which are related to Theorem 3.2. 
Among others, we cite [AA], [Barl], and [FMP], where families of com- 
pact vector fields are considered. We specifically remark, however, that the 
invariant w(f) considered here behaves very differently than those con- 
sidered in the above-referenced papers. It depends only on the principal 
part of A i.e., w(f) = w(f + k), where k is any family of compact maps 
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continuously parametrized by P. In particular, it is trivial for a family of 
compact vector fields. 
Here, we will not discuss the global behavior of the bifurcating branches. 
It seems, however, that the technique developed in [Bar1 ] and [Bar21 to 
analyze global bifurcation can also be employed successfully in our present 
context. 
The paper is organized as follows. In Section 1, we recall the construc- 
tion in [FPl] of the degree theory for quasilinear Fredholm maps. In Sec- 
tion 2, we introduce the parity homomorphism and relate it with the first 
Stiefel Whitney class of the index bundle. The third section is devoted to 
a proof of our main result, Theorem 3.1. In the final section, we apply 
Theorem 3.1 to provide a description of the set of bifurcation points from 
infinity for a family of Sturm-Liouville boundary value problems with con- 
stant, separated boundary conditions as parameters. The natural parameter 
space in this application is the two-torus, and B,(f) is of dimension at 
least 1. 
1. QUASILINEAR FREDHOLM MAPS AND DEGREE 
Let X, X, and Y be Banach spaces with X compactly embedded in X Let 
@(X, Y) be the set of all linear Fredholm operators from X to Y. A map 
f: X-+ Y is called quasilinear Fredholm if it has a representation of the 
form 
f(x) = Wb + C(x), x E x, (1.1) 
- - 
where L is the restriction to X of a continuous family L: X-t @(X, Y) and 
C: X--+ Y is compact. 
We shall refer to the above L as the principal part of J The principal 
part off is not uniquely determined by f; but what is determined is its 
equivalence class module compact operators. Indeed, iff has two represen- 
tations as in (l.l), with principal parts L’(x) and L*(x), then L’(x) - L*(x) 
is compact for each x E X. 
The (numerical) index of a quasilinear Fredholmf, ind(f), is defined to 
be the Fredholm index of L(x) for some (and hence, all) x E X. That this 
does not depend on the representation off follows from the preceding 
remark. Iffis C’, then ind(f) is also the Fredholm index of Df(x) for any 
x E x. 
Quasilinear elliptic second-order boundary value problems studied by 
Leray and Schauder in [LS] give rise to quasilinear Fredholm maps (in 
this case, each L(x) is an isomorphism). Formally, quasilinear Fredholm 
maps were introduced by Snirel’man [Sn] in connection with the nonlinear 
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Riemann-Hilbert problem. Moreover, it is a remarkable fact that operators 
induced by fully nonlinear elliptic equations with general nonlinear bound- 
ary conditions are actually quasilinear Fredholm, provided that the coef- 
ficients are sufficiently smooth (cf. [Ba], [FPl]). 
Among quasilinear Fredholm maps, a special role is played by those of 
index 0. For this class, a degree theory with integer values can be construc- 
ted. One such construction, which actually does not give an additive 
degree, is given in [Sn]. In [FPl], we defined a degree for quasilinear 
Fredholm maps which is additive. We need to recall some aspects of the 
construction. 
Let @,,(X, Y) = (TE @(X, Y), ind T= O}. First of all, one shows that - - 
given L: X-+ @JX, Y) there is a (strong) parametrix for z, i.e., a - - 
continuous map R: X + GL( Y, X) such that R 0 ,? is a family of compact 
vector fields. Using this parametrix for the principal part of the representa- 
tion (1.1) we rewrite f as 
f(x) = Wx)(x - ‘b(x)), x E x, (1.2) 
where a(x) = [R(x)] Pi and $(x) = x - R(x) L(x)x - R(x) C(x). So 
+: X + X is compact. 
If 52 s X is open and bounded with 0 $f(%2), then x # t++(x) if x E 8~2, so 
that the Leray-Schauder degree of the compact vector field Id - $ on $2 is 
defined. Of course, one cannot define deg(f, Sz, 0) to be deg,, (Id - $, Q, 0) 
since the latter will depend on the representation off and the choice of 
parametrix for the principal part off: 
There are fundamental reasons for the above indeterminacy. First, even 
in the finite-dimensional case, deg rs (Id - II/, Q) is actually a fixed-point 
index, so that it is independent of the orientation of the domain X, while 
deg(f, Q, 0) will depend on the choice of orientation of X and of Y. Second, 
when X is infinite dimensional, say a Hilbert space of infinite dimension, 
then, according to Kuiper’s theorem [K], GL(X, Y), the set of linear 
isomorphisms from X to Y, is contractible. Thus, one cannot distinguish, 
in a continuous manner, orientation-preserving and orientation-reversing 
isomorphisms, no matter how one attempts to attach orientation structures 
to X and Y. For these reasons, the notion of orientation which we intro- 
duce in our present context is just a coherent way of assigning a degree + 1 
or - 1 to each ME GL(X, Y). 
More precisely, an orientation is any function E: GL(X, Y) --t { - 1, + 1) 
such that 
E(M) .F(N) = deg,, (M-IN, B(0, Y), 0) (1.3) 
whenever M-N is compact. (Note that in this case AC’N is a compact 
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vector field and the right-hand side is defined.) For Y = A’, it is also 
required that s(Id) = 1. Once the orientation is chosen one defines 
deg(.f, Q, 0) = 4WO)) deg(Id - $, GO), (1.4) 
where A4 and II/ are as in (1.2). The right-hand side of (1.4) is properly 
defined in terms off, and the resulting degree function verifies the usual 
additivity, excision, and normalization properties (see [FPl] and [FP3] 
for details). 
The homotopy invariance property does not hold in its usual form. 
Instead, one has the following: Let I= [0, l] and H: Ix X--f Y be a 
quasilinear Fredholm homotopy (of index 0) of the form H(t, x) = 
L(t, x)x + C(t, x). Let R: I+ GL( Y, X) be a parametrix for the path 
L( ., 0): I + aO(X, Y), and set M(t) = [R(t)] ~’ for t E I. If Q c X is open 
and bounded, with 0 # H,(JQ) for t E Z, then 
deg(H,, Q, 0) = GWO)) 4Wl )I deg(H,, Q, 0). (1.5) 
For our present purposes, we will need (1.5) in the case when L( ., 0) is 
a closed curve, i.e., when L( 1,O) = L(0, 0). In this case, M( 1) -M(O) is 
compact and 
NMO))4Wl))=degLS ((M(l))-’ M(O), WA r), 0) 
is independent of the choice of orientation: it depends only on the (free) 
homotopy class of the curve L( ., 0) and is determined by the parity of 
L( ., 0): S’ + @JX, Y) (see [FP2] and [FP3]). 
In general, given CI: S’ -+ QO(X, Y) one considers S’ as obtained from 
[a, b] by identifying a and 6. The parity of the closed curve a is defined as 
the unique element a(~, S’) E Zz = (0, 1 } such that for any parametrix 
8: [a, b] --+ GL( Y, X) for CI: [a, b] + QO(X, Y) 
deg,, (P(a)[P(b)] -I, B(0, r), 0) = (- l)“(a,S1). (1.6) 
(This definition differs formally from the definition of parity in [FPl] 
and [FP2], where a(a, S’) is defined as an element of the multiplicative 
z,= { +1,-l}.) 
The parity ~(a, S’) is an obstruction to the deformation of the closed 
curve CI out of the singular set of non-invertible Fredholm operators: the 
following proposition is proved in [FP2] (see Theorem 1.5.6). 
FR~P~SITION 1.7. a(~, S’) =0 if und only if a: S’ + QO(X, Y) is 
homotopic to a closed curve in GL(X, Y). 
From the definition of parity, if m(t) = L(t, 0) is closed, (1.5) becomes 
deg(H,, Q, 0) = (- l)a(‘,S’) deg(H,, Q, 0). (1.8) 
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In particular, if H, = H1, then either ~(a, S ‘) or deg(H,, Q, 0) must be 
trivial. 
2. THE PARITY HOMOMORPHISM AND THE ORIENTABILITY 
OF THE INDEX BUNDLE 
In this section we relate the notion of parity with the orientability of the 
analytical index bundle of a parametrized family of quasilinear Fredholm 
maps. Standard references for this section are [A], [H], [Sp]. 
Our parameter space will be a compact, connected n-dimensional 
manifold P with base point pO. 
Two vector bundles E, F over P are called stably equivalent if they 
become isomorphic upon addition of trivial bundles. The set of stable 
equivalence classes of vector bundles over P is the reduced real Grothen- 
dieck group KO(P). If L: P + QO(X, Y) is a continuous family of linear 
Fredholm operators of index 0, the analytical index of the family L, 
Ind L E &(P), is defined as follows: 
Using the compactness of P, one can find a finite-dimensional subspace 
V of Y such that 
Im L(p)+ V= Y for each p E P. (2.1) 
From (2.1) it follows easily that the set E= {(p, x) / L(p)x~ V> is the total 
space of a vector bundle over P with libre E, = L(p)-'(V). We define 
Ind L to be the stable equivalence class of the bundle E. 
Denote by n[M, N] the set of (free) homotopy classes of continuous 
maps from M to N. The main property of the index is that it induces a 
natural transformation Ind: rc[-, oO(X, Y)] -+ EO(-) which makes the 
sequence 
n[P, GL(X, Y)] I""* ~rt[P,@,,(X, Y)]-= &l(P) (2.2) 
exact [ZKKP]. In other words, Ind L = 0 if and only if L can be 
homotoped to a family of isomorphisms. Note that naturality of Ind means 
that if g: P, + P is a continuous map, then 
Ind( L 0 g) = g ! (Ind L), (2.3) 
where g!: RO(P) + &J(P,) is the induced homomorphism. 
Let us recall that a vector bundle E over P is orientable if it has a tri- 
vializing atlas whose transition functions have positive determinant. The 
orientability of E is detected by the first Stiefel Whitney class w,(E) belong- 
ing to H '(P; Z,), the first singular cohomology group of P with Z, coef- 
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ficients. Indeed, E is orientable if and only if w’(E) = 0 in H’ (P; Z,). Now, 
since w,(E@F) = w,(E) + w,(P), and w,(E) = 0 if the bundle E is trivial, it 
follows that w,(E) depends only on the stable equivalence class on the 
bundle E and hence induces a natural transformation 
W’ : RO(-) -+ H’(-; 2,). (2.4) 
By extension, the elements of the kernel of this transformation are called 
orientable. 
Let rc,(P) = rc’(P, PO) be the first homotopy group of P. We identify the 
group Hom(rc’(P), 2,) with the first cohomology group H’(P; Z,) as 
follows: Each homomorphism cp: rt, (P) + Z, sends the commutator of 
x,(P) to zero and hence induces a homomorphism Cp: TC~(P)/[~~, n,] g 
H,(P; Z) + Z,. By the universal coefficient theorem in cohomology, 
each Cp: H,(P; Z) + Z, corresponds to a unique cohomology class 
w  E H’(P; Z,). The inverse isomorphism I? H’(P; Z,) -+ Hom(rc’(P), Z,) 
can be described explicitly as follows: If w  E H’( P; Z,), and y E zl(P) is 
represented by g: (S’, sO) -+ (P, PO), then 
cr(w)l(Y)= (g*(w), CW>Z,~ (2.5) 
where [S’] is the generator of H’(S’;Z*) and (-,-): H,(-;Z,)X 
H’(-; Z,) --t Z, is the Zz Kronecker pairing. 
Given a continuous family L: P -+ @,,(X, Y) we can associate to L the 
“parity homomorphism” o(L) E Hom(n,(P), Z,) defined as follows: 
If y E zl(P, PO) is represented by g: (S ‘, sa) -+ (P, PO), then 
O(L)(Y) = o(Lo g, S’), (2.6) 
where the right-hand side is given by (1.6). That o(L): x,(P) + Z, is a 
homomorphism follows easily from the properties of parity (see [FP2]). 
The relation between the parity homomorphism and the orientability of 
the index bundle is given by the following proposition. 
PROPOSITION 2.7. Under the identljikation of Hom(rc,(P), Z,) with 
H’(P; Z,), a(L) coincides with w’(Ind L). 
Proof: We shall show that if r is the isomorphism defined in (2.5) and 
w= w’(Ind L), then T(w)=a(L). Indeed, if y= [g] EX,(P), then by (2.3) 
and (2.4) we have 
CUW)I(Y)= (g*(w), CS’l> = <w,UndLog), CS’l>. 
Since H’(S1;Z,)~ZZ,~:H’(S1;Z,) it follows that (w,(Ind Log), [S’]) 
= 0 in Z, if and only if w’(Ind Log) = 0 in H’(S’; Z,). 
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A bundle over S’ is orientable if and only if it is trivial. This implies that 
the transformation E H w  i( E) is actually an isomorphism of RO( S ’ ) with 
H’(S ‘; Z,). Therefore T(w)(y) = 0 if and only if Ind(L 0 g) = 0 if and only 
if L 0 g can be homotoped to a family of isomorphisms which, by Proposi- 
tion 1.7, is precisely when cr(L)(y) = a(L 0 g, S’) = 0. Thus T(w,(Ind L)) 
and a(L) have the same kernel and therefore coincide. 1 
3. THE MAIN RESULT 
A family of quasilinear Fredholm maps parameterized by a compact, 
connected n-manifold P is a continuous map f: P x X -+ Y having a 
representation of the form 
f(P, x)=uP,x)x+c(P,x)> 
where L: P x X+ @,(X, Y) is the restriction of a continuous map 
E: P x x-+ @(X, Y) with X compactly embedded in x and as before, 
C: P x X-+ Y is compact. 
It follows then that for each p E P, the map f, : X + Y defined by fp(x) = 
f(p, x) is a quasilinear Fredholm map. 
A point p.+ E P is a bifurcation point from infinity for the family 
f :  P x X + Y if there is a sequence (p,,, x,):= 1 in P x X with f(p,,, x,) = 0 
for each nENand such thatp,+p, and llxnII -+ +co. 
Let B,(f) be the set of all bifurcation points from infinity for the family 
$ B,(f) is a closed subset of P. From compactness of P it follows that 
B,(f) is empty if and only if there exist uniform bounds for solutions of 
the equation fp(x) = 0 (i.e., there exists M > 0 such that jlxll < M whenever 
.f(p, x) = 0). Note also that, in this case, taking Q = B(0, R) with R > M, 
deg(f,, Q, 0) is defined and, by the homotopy property (1.5), its absolute 
value is independent of p E P. In particular, if deg( f,, Q, 0) # 0, for some p 
then the equation f,(x) = 0 has a solution in Q for each p. 
The notion of analytical index of families of linear Fredholm operators 
extends immediately to the quasilinear case. We simply define 
Ind f  E kl(P) as the analytical index of the family L restricted to 
PX{O}~P. 
If f  has another representation with principal part L’ then, since L-L’ 
is a family of compact operators, it follows that H(t, p) = tL(p, 0) + 
(1 - t) L’(p, 0) is a homotopy between the restrictions of L and L’ to P. 
Therefore, Ind L = Ind L’, which shows that Ind f  is properly defined. The 
same argument shows that if each f ,  is Frechet differentiable at 0, 
continuously in p, then Ind(f) coincides with the index of the linear family 
PM WJO). 
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We shall say that Indfis nonorientable if w,(Indf) #O in H’(P; 2,). 
THEOREM 3.1. Let f: P x X --+ Y be a family of quasilinear Fredholm 
maps (of index 0), parametrized by a compact, connected n-dimensional 
manifold P. Assume that 
(i) Ind f is nonorientable; 
(ii) there exists some p0 E P\B,(f) with deg(f,,, X, 0) # 0. 
Then the Lebesgue covering dimension of B,( f) is at least n - 1. Moreover, 
either B,(f) disconnects P or it is not contractible in P to a point. 
Proof: If B = B,(f) disconnects P, then the theorem is proved, since 
the complement of a closed subset of dimension less han n - 1 is always 
connected. So we can assume that P\B is connected. Let w = w,(Ind f ). 
Since w # 0 there must be some homology class c1 E H,(P; Z,) such that the 
Kronecker pairing (u’, a) is different from 0. Let [E H”- ‘(P; Z,) be the 
Poincare dual of c(. We claim that the restriction of { to B is a 
nontrivial cohomology class in A”- ‘(B; Z,). Here 8” ‘(B; Z,) = 
dir lim H”- ‘( U; Z,), where U ranges over all neighborhoods of B in P. 
(See [Sp, Chap. 61.) 
To verify this assertion, consider the commutative diagram 
H”-- ‘(P; Z,) ‘f, R”+‘(B; Z,) 
T T 
- H,(P\B;Z,) i, H,(P;Z,) -f=+ H,(f’,P\B;ZJ - fMP\B,Z,), 
where the bottom is the exact homology sequence of the pair (P, P\B) and 
the vertical arrows are the duality isomorphisms. 
By commutativity, the restriction i*(i) of c to B is dual to p*(u) and 
hence it is enough to prove that p,(a) # 0 in H,(P, P\B; Z,). To do so, we 
shall suppose that p,(a) = 0 and derive a contradiction. By exactness, if 
p,(a) =O, then CI =j*(j?) for some /?E H,(P\B; Z,). 
Since P\B is connected, the Hurewicz homomorphism h: nI(P\B, pO) + 
H,(P\B, Z,) is surjective. Hence, there is a map g: (S ‘, sO) + (P\B, po) 
such that g,([S’]) = 8. Let g: (S’, sO) + (P, pO) be defined by 2 =jo g, 
where j: P\B + P is the inclusion. Let f: S’ x A’+ Y be the composition 
s’xx gxid +pxxL y. 
Then s is a continuous family of quasilinear Fredholm maps parametrized 
by S’, with principal part Lo (g x id). Since g(S’) does not intersect B it 
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follows that f has no points of bifurcation from infinity and hence there 
exist M > 0 such that if (s, x) E S’ x X and f,(x) = 0, then IIxIJ < M. 
Applying the homotopy property (1.8) to the closed curve fS on the set 
Sz = B(0, M) we obtain 
deg(f,,, Q 0) = ( - 1) aw a g,s’) deg(&, Sz, 0). 
Moreover, since deg(f,,, Q, 0) = deg(f,,, Q, 0) # 0 it follows that 
a(Log, S’)=O in Z,. 
But, on the other hand, applying Proposition 2.7 to the homotopy class 
y of g in n,(P, pO) we have 
which is a contradiction. 
Therefore, p,(a) #O and hence [ restricts to a nontrivial class in 
R”-‘(B; Z,). This, of course, implies that B is not contractible to a point 
in P. On the other hand, that dim B > n - 1 follows immediately from the 
homological characterization of the covering dimension (see [HW]), and 
the fact that R”- ‘(B; Z,) is isomorphic to the (n - 1) Tech cohomology 
group of B. This proves the theorem. 1 
Let f: P x X-t Y be a family of quasilinear Fredholm maps such that 
f(p, 0) = 0 for each p E P. A point p* E P is called a bifurcation point off 
from the trivial sheet P x (0) if each neighborhood of (p,, 0) contains 
solutions off (p, x) = 0 with x # 0. We shall denote by B,(f) the set of all 
bifurcation points off from the trivial sheet. 
The proof of the following theorem is similar to the proof of 
Theorem 3.1. 
THEOREM 3.2. Let f he a family of quasilinear Fredholm maps with 
f (P, 0) = 0. Assume that Ind f is nonorientable and that there exists some 
p0 E P such that p0 $ B,(f) and deg(f,,, B(0, r), 0) # 0 for r small. Then 
dim B,(f) > n - 1. Moreover, either B,(f) disconnects P or it is not contrac- 
tible to a point on P. 
Remark. If f, is differentiable at 0 with Of,(O) depending continuously 
on p E P, then the hypotheses of the theorem are verified if Ind Of-(O) is 
nonorientable and Of,,(O) is nonsingular, for some p0 E P. 
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4. APPLICATIONS TO A NONLINEAR STURM-LIOUVILLE PROBLEM 
Let US consider the following family of Sturm-Liouville boundary value 
problems with separated boundary conditions: 
x”(t) = cp(t, x(t), x’(t)), O<t<l 
a, x(0) + a,x’(O) = 0 (4.1) 
6,x(l)+b,x’(l)=O, 
where (a: + a:)(bT + bi) > 0. 
Here, by taking a,, a,, !I,, and b, as parameters, problem (4.1) appears 
to be parametrized by (R2 \ { 0)) x (R’\(O)). However, it is clear that any 
nontrivial multiple of the vector (a,, a2) will impose the same boundary 
conditions at 0 (and hence the problem will have the same solutions). 
Hence, if we want to parametrize properly all boundary conditions at 0, the 
natural parameter space will not be R2\{0} but the real projective space 
RP’ which is the set of all lines through the origin. Each line a defines a 
unique boundary condition (x(O), x’(0)) E a. Since the same holds at the 
other boundary point, it follows that the boundary conditions in (4.1) are 
naturally parametrized by pairs p = (a, /3), where CI, B are lines through the 
origin of R2. The parameter space P = RP’ x RP’ is topologically a torus, 
each RP’ being homeomorphic to the circle S’. Actually, we shall consider 
a more general situation in which the nonlinearity cp also depends 
continuously on p E P. (This will certainly be the case if in (4.1) the 
nonlinearity cp is a continuous function of t, x, x’, a,, a,, 6,) b, and is 
homogeneous of degree 0 in (a,, a2) and (b,, b2).) 
Thus we will consider the family of boundary value problems 
parametrized by P= RP’ x RP’: 
x”(t) = dt, x(t), PI, O<t<l 
(x(O), x’(O)) E a 
(X(l)YX’(l))EA 
P = (a, D) E P. 
(4.2) 
Putting y = x’ and u = (x, y) E R2, (4.2) becomes equivalent to the tirst- 
order system 
u’(t) = @(t, 4th PI, O<t,<l 
(4.3) 
40) E a, 41)Eh (6 P) = P, 
where @(t, x, Y, P) = (Y, dt, x, ~1). 
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Let H ‘( [0, 11, R*) be the Sobolev space of absolutely continuous func- 
tions u: [0, l] + R* such that u’~L*([0, 11, R*). We equip H’( [0, 11, R*) 
with the usual H’ norm. Denote H ‘( [0, 11, R*) by H and for p = 
(c(, fl)~P, set H,= {ueH 1 REM, u(~)E/?}. Set Y=L’([O, 11, R*) and 
We shall assume that 
cp: [0, 1) x R x P -+ R is continuous. (4.4) 
Then, if we define C: P x H + Y by C(p, u)(t) = -@(t, u, p), it follows from 
the Rellich Compactness Theorem that C: P x H + Y is compact. On the 
other hand, if we define L: P x H + Y by L(p)u = dujdt, then 
f(P, u) = L(P)U + C(P> u), (P, u)~f’xH (4.5) 
defines a map f: P x H + Y which is semilinear Fredholm of index 2. It is 
clear that the solutions of (4.3) correspond to solutions of the equation 
f( p, u) = 0 which belong to fi z P x H. 
We will apply Theorem 3.1 to the analysis of (4.3). Unfortunately, while 
the restriction off to each H, is a semilinear Fredholm map of index 0, the 
restriction off to fi is not a parametrized family in the sense of the delini- 
tion of the previous section, since the domain of each f, depends on p E P. 
Nevertheless, we now extend Theorem 3.1 to cover the present situation. 
The first step is the following 
PROPOSITION 4.6. fi is the total space of a Hilbert subbundle of the 
trivial bundle P x H (with fibre H,). 
Proof: In order to show that fi is locally trivial, it suffices to exhibit a 
continuous family of projections 71: P -+ 2(H, H) such that Im n(p) = H, 
for each p E P (See, for example, Proposition 3.2.1 of [FP2].) 
For each line CI E RP’ let ‘I?: R* + R2 be the orthogonal projection onto 
CI. Then ql is a continuous family of projections. 
Given p = (a, p) E P, define n(p): H -+ H by 
n(p) u(t) = u(t) - (1 - t)Cu(O) - ?,(U(O))l - Cdl I- rp(u(l))l 
Clearly,Im?I(p)~H,andifuEH,then~(p)u=uifandonlyifuEH,.So 
n(p): H -+ H is a projection onto H,, and it is also clear that p H x(p) is 
a continuous map of P into Z(H, H). 1 
Denote by7: fi + Y the restriction off to i?. Then each& is of the form 
.Tp = 1, + cp, where z, = L, 1 HF is Fredholm of index 0 and e, = Cl, is 
compact. Hence, if p E P and 52 c HP is such that 0 $,f,,(aQ), then 
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deg(jl,, Q, 0) is defined. On the other hand, the index of the “family” 7 is 
defined much as before by choosing a finite-dimensional subspace V of Y 
transversal to Im L, for all p E P and defining Ind 7~ go(P) as the stable 
equivalence class of the bundle L”- ‘( V). 
PROPOSITION 4.7. If w,(Ind 7) # 0 in H’(P; Z,) and there is some 
p0 E P\B,(y) with deg(jb,, HP,,, 0) # 0, then the conclusions of Theorem 3.1 
hold. 
ProoJ: It follows from Kuiper’s theorem [K] that each infmite-dimen- 
sional Hilbert bundle is trivial and therefore there exists some vector 
bundle isomorphism T: P x H,, + n over P. The map g: P x H,, + Y given 
by g =70 T is clearly a parametrized family of quasilinear (semilinear) 
Fredholm maps in the sense of the definition in Section 3. Moreover 
B,(?) = B,(g) and deg(g,,, HpO, 0) = fdeg(&,, HpO, 0) since the degree 
can change at most in sign by composition with an isomorphism. Also, the 
bundle 2 ~ ‘( V) is isomorphic via T to (10 T) -’ ( V) and hence Ind g = 
Ind 3 The conclusion now follows from Theorem 3.1. 1 
Finally, we show that in our case the hypotheses of Proposition 4.7 are 
verified. 
PROPOSITION 4.8. 
w,(Ind7)#0 in H’(P; Z,). 
Proof Since C: P x H + Y is compact, 
Ind 7 = Ind L’. 
Observe that if Y, = R2, embedded in Y as the constant functions, then 
Y= Y, 0 Y,, where 
Y*= yEY I1 y(t)dt=O 
1 I 
, 
0 I 
and Y, L L(p)(H,), for all p E P. Hence, 
L(p)(H,) + Y, = Y for all p E P. 
It follows that Ind z is the stable equivalence class of the bundle 
E= {(p, u) I PEP, UCH,, u’=const} 
={(p,u)Ip=(cr,p);u(t)=(l-t)a+th,aEqbEb}. 
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It is clear that E is isomorphic to 
E’ = ((P, a, b) I P = (a, PI, a E ~1, b E P>. 
Let f10 E RP’ be fixed and consider the embedding i: RP’ -+ RP’ x RP’ 
given by i(a) = (CC, jO). By naturality of the analytical index, 
wI(i*E’) = i*(w,(E’)) = i*(w,(Ind z)). 
However, 
i*(E) = E’/RP’ = {( ~1, a, b) ) a E P, a E LX, b E &,> 
is the direct sum of the tautological bundle A over RP’ and a trivial 
bundle with fibre R. Hence, 
i*(w,(Ind L”)) = w,(A) #O in H’(RP’; Z,), 
and so w,(Ind 2) # 0. 1 
Observe that the Dirichlet boundary conditions in (4.2) correspond to 
p0 = (a,, a,), where c(~ E RP’ is the y-axis. Our second assumption on cp is 
that 
there exists c < 1, r > 0 and a neighborhood UP, of p0 in P 
such that 
Id4 $3 P)l I.4 <c if t E [0, 11, IsI > r, and p E UP,. 
PROPOSITION 4.10. Suppose that (4.4) and (4.9) hold. Then po$B,(f) 
and 
ddf,,,, Hpo7 0) + 0. (4.11) 
Proof. To show that p0 $ B,(f) we must find a neighborhood CT of p0 
such that the solutions, over U, of the equation f(p, u) = 0 are bounded in 
H’( [0, 11, R’). Observe that if a and b denote the inverses of the angular 
coefficients of a and /I, respectively, the correspondence (c(, /I) --f (a, b) is a 
local chart for P at pO. Using this and the equivalence between (4.2) and 
(4.3), we reduce our problem to that of finding some E >O so that the 
solutions of 
x”(t) = dt, x(t), Ph O<t<l 
x(0) = ax’(O), x(l)=bx’(l) 
a2 + b2 < E 
(4.12) 
are bounded in H2([0, 11, R). 
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Let N: P x L2( [0, 11, R) + L2( [0, 11, R) be the Nemytskii operator 
corresponding to cp(t, x, p). In view of (4.4) and (4.9), it is clear that we 
may choose R>O such that 
if (p, x) E UP, x L2 and llxllLz 2 R. (4.13) 
Now let Ka,h: L2( [0, 11, R) + L2( [0, 11, R) be the Green’s operator 
corresponding to the problem 
x”(t) = g(t) 
x(0) + ax’(O) = 0, x(l)+bx’(l)=O. 
Then, either by explicit calculation of the Green’s function or by eigenvalue 
estimates, one sees that (I Ko,oll = 1 and one may select E > 0 such that 
IIKz,~l/ <;;zi if a2 + b2 <E. (4.14) 
We may choose s0 > 0 such that in the neighborhood of p0 corresponding 
to Q, both (4.13) and (4.14) hold. 
But (4.12) is equivalent to 
x = K,,,(NP, x)1> 
and so, in view of (4.13) and (4.14) it follows that if E = s0 and (p, x) is a 
solution of (4.12), then (IxI(~z <R. Once more using (4.4), we conclude that 
the solutions of (4.12) are bounded in H’([O, 11, R). 
It remains to verify (4.11). But, arguing as above, it follows that there is 
some R’ > 0 such that J/x/l Hz < R’ if 
x”(t) = b(G x(t), PO) 
x(0) =x( 1) = 0. 
Again using the equivalence between (4.2) and (4.3), this provides bounds 
in H1 for the solutions of 
Thus, 
H(5 u) = J?,,(U) + l-&o, u), u~H,,,,O<i<l 
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is an admissible homotopy betweenTpO and zpo, and so 
deg(f,,, HP”, 0) = +deg(&,, Hpo, 0) Z 0. I 
We call a point p* E P a bifurcation point form infinity for (4.2) if there 
is a sequence (p,, x,),“= L of solutions of (4.2) with IJxnlIH2 + +cc and 
p,, -+ p*, as n + co. We denote the set of such bifurcation points by B, . 
THEOREM 4.15. Suppose that cp satisfies (4.5) and (4.8). Then B, has 
dimension at least 1. Furthermore, either B, disconnects P or B, is not 
contractible in P to a point. 
Proof: It follows from Propositions 4.7, 4.8, and 4.10. 1 
Remark 4.16. Observe, in the case when cp is uniformly bounded, that 
for each p E P, problem (4.2) is asymptotically linear with asymptotic 
derivative A, given by the second derivative restricted to the subspace of 
functions satisfying the corresponding boundary conditions. In this case, 
B, is a subset of C, = {p E P ( Ker A, # { 0} }. However, one can easily 
compute C,. Ifp=(cr,p)EP, let t,ERu{oo} and ts6Ru{co} be the 
angular coefficients of CI and j, respectively. Then one checks that Z, = 
( p = (a, /!I) E Z ) t; ’ = ta ’ - 1 }. So C I‘ is a circle in P which fails to discon- 
nect P. Since B, EC,, B, also fails to disconnect P. Consequently, since 
B, is not contractible to a point in P, we have B, = C,. 
Remark 4.17. If, in Theorem 3.1, one replaces assumption (ii) with the 
assumption that f,‘(O) is bounded and deg(f,,,, X, 0) # 0, then the proof of 
that theorem leads to the conclusion that B,(f) # Qr. Hence, if (4.4) holds 
and, in addition, the Dirichlet problem 
-x”(f) = cp(4 4th PO) 
x(0)=x(1)=0 
induces a map of H2([0, 11, R) n H’([O, 11, R) into L’([O, 11, R) which 
has nonzero degree, one can conclude that there are no uniform bounds for 
the solutions of (4.2). 
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